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The Bayesian Way
Problem set-up 
• Setting: we choose a prior         , a model                  , and observe 

data X. 
• Goal of Bayesian inference: get 

Two approaches for getting                : 
1. Sampling (asymptotically correct) 
2. Variational inference 

Bayesian inference in action 
• Today, we will develop the Bayesian model and sampling method 

used in a population genetics method, STRUCTURE. 
• This will expose some of the weaknesses of sampling, and 

motivate a light introduction to variational inference.
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Problem Set-up 

• Given genetic data from N individuals, how can we infer which of 

K populations they came from? 

• We don’t know what the populations “look like” beforehand. 

Application: Inferring population structure from genetic data

Detecting population-specific 
bias in genetic studies

Human migration patterns

Personal ancestry



Genetics 101 

Application: Inferring population structure from genetic data

2 copies of genome
ACTGCATGCTCGATGCTGCTGATCGATGCACGTAGCTT

ACTGCAAGCTCGATGCACCCGATGGATGCACGAAGCTT
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Application: Inferring population structure from genetic data

2 copies of genome
ACTGCATGCTCGATGCTGCTGATCGATGCACGTAGCTT
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• locus: specific location on genome (single base, gene, etc.) 

• alleles: states that a locus can take on 

• genotype of an individual: the 2 alleles at each of L loci

locus



Genetics 101 

Application: Inferring population structure from genetic data

2 copies of genome
ACTGCATGCTCGATGCTGCTGATCGATGCACGTAGCTT

ACTGCAAGCTCGATGCACCCGATGGATGCACGAAGCTT

• locus: specific location on genome (single base, gene, etc.) 

• alleles: states that a locus can take on 

• genotype of an individual: the 2 alleles at each of L loci

Problem: Given the genotypes of N individuals, can we infer 

which of K populations they came from, and what those 

populations look like? 

Observation: Different populations of people tend to have 

distinctive genotypes. 

We’ll model a population as a set of L vectors, each of which 

gives the allele frequencies of a locus.

locus



Problem Set-up 

A population is modeled as a set of L vectors, each of which is a 

vector of allele frequencies at a locus. 

      : vector of allele frequencies at locus l in population k 

      : frequency of allele j at locus l in population k 

The population of origin of an individual is a categorical variable. 

      : population of origin of individual i 

A genotype consists of the 2 alleles at each of L loci. 

                    : 2 alleles (categorical variables) at locus l of individual i

Application: Inferring population structure from genetic data
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Application: Inferring population structure from genetic data

“All models are wrong, 
but some are useful.”

George Box (1919 - 2013)

“Statisticians, like 
artists, have the bad 

habit of falling in love 
with their models.”

How should we model this?



What does the dependency structure look like?

Application: Inferring population structure from genetic data

P Z

X

population allele 
frequencies

population of origin 
of individuals

genotypes of 
individuals



How should we model the genotypes X? 

• Conditioned on the populations of origin Z and population allele 

frequencies P, draw individuals’ genotypes randomly based on 

the populations of origins’ allele frequencies. 

• Is it reasonable to model alleles as distributed independently 

across different loci? (Nope. Linkage disequilibrium.)

Application: Inferring population structure from genetic data
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What does the dependency structure look like?

Application: Inferring population structure from genetic data
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What prior should we put on individuals’ populations of origin Z? 

• Assume individuals’ populations of origin are drawn 

independently and identically as: 

• When might this modeling decision be inappropriate?

Application: Inferring population structure from genetic data
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What prior should we put on population allele frequencies P? 

• Assume the        are drawn independently and identically from a 

Dirichlet distribution. 

• Dirichlet distribution is a generalization of a Beta distribution to 

more than 2 categories.

Application: Inferring population structure from genetic data
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•                                        is a distribution over valid probability 

vectors. 

• Generalization of a                     to more than 2 categories.

Aside: the Dirichlet distribution!
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x(i,1)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

x(i,2)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

(x(i,1)
l , x(i,2)

l )

↵ = �

↵, �

Beta(↵, �)

1

pkl ⇠ Dirichlet(�1,�2, . . . ,�Jl)

P = {pklj}k,l,j, Z = {z(i)}i, X = {(x(i,1)
l , x(i,2)

l )}i,l
i = 1, . . . , N, j = 1, . . . , Jl, k = 1, . . . , K, l = 1, . . . , L

P(z(i) = k) =
1

K
, k = 1, . . . , K

z(i) ⇠ Multinomial

✓
1,

✓
1

K
, . . . ,

1

K

◆◆

P(x(i,1)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

P(x(i,2)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

x(i,1)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

x(i,2)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

(x(i,1)
l , x(i,2)

l )

↵ = �

↵, �

Beta(↵, �)

Dirichlet(�1, . . . ,�Jl)

1

(1, 1, 1)(0.85, 0.85, 0.85) (5, 5, 5)

(1, 2, 3) (2, 5, 10) (50, 50, 50)



What prior should we put on population allele frequencies P? 

• Assume the        are drawn independently and identically from a 

Dirichlet distribution. 

• Uniform over all probability vectors

Application: Inferring population structure from genetic data

pkl ⇠ Dirichlet(�1,�2, . . . ,�Jl)

P(z(i) = k) =
1

K
, k = 1, . . . , K

P(x(i,1)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

P(x(i,2)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

1

pkl ⇠ Dirichlet(�1,�2, . . . ,�Jl)

P = {pklj}k,l,j

P(z(i) = k) =
1

K
, k = 1, . . . , K

z(i) ⇠ Multinomial

✓
1,

✓
1

K
, . . . ,

1

K

◆◆

P(x(i,1)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

P(x(i,2)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

x(i,1)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

x(i,2)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

(x(i,1)
l , x(i,2)

l )

1

0.10.20.40.3=

pkl ⇠ Dirichlet(�1,�2, . . . ,�Jl)

P = {pklj}k,l,j

P(z(i) = k) =
1

K
, k = 1, . . . , K

z(i) ⇠ Multinomial

✓
1,

✓
1

K
, . . . ,

1

K

◆◆

P(x(i,1)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

P(x(i,2)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

x(i,1)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

x(i,2)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

(x(i,1)
l , x(i,2)

l )

1

(1, 1, 1)(0.85, 0.85, 0.85) (5, 5, 5)

(1, 2, 3) (2, 5, 10) (50, 50, 50)

pkl ⇠ Dirichlet(�1,�2, . . . ,�Jl)

P = {pklj}k,l,j, Z = {z(i)}i, X = {(x(i,1)
l , x(i,2)

l )}i,l
i = 1, . . . , N, j = 1, . . . , Jl, k = 1, . . . , K, l = 1, . . . , L

P(z(i) = k) =
1

K
, k = 1, . . . , K

z(i) ⇠ Multinomial

✓
1,

✓
1

K
, . . . ,

1

K

◆◆

P(x(i,1)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

P(x(i,2)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

x(i,1)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

x(i,2)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

(x(i,1)
l , x(i,2)

l )

↵ = �

↵, �

Beta(↵, �)

Dirichlet(�1, . . . ,�Jl)

P(pkl = (1/Jl, . . . , 1/Jl)) = P(pkl = (1, 0 . . . , 0))

1



Putting everything together…

Application: Inferring population structure from genetic data

P Z

X

pkl ⇠ Dirichlet(�1,�2, . . . ,�Jl)

P(z(i) = k) =
1

K
, k = 1, . . . , K

z(i) ⇠ Multinomial

✓
1,

✓
1

K
, . . . ,

1

K

◆◆

P(x(i,1)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

P(x(i,2)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

x(i,1)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

x(i,2)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

1

genotype of 
individual i

pkl ⇠ Dirichlet(�1,�2, . . . ,�Jl)

P(z(i) = k) =
1

K
, k = 1, . . . , K

z(i) ⇠ Multinomial

✓
1,

✓
1

K
, . . . ,

1

K

◆◆

P(x(i,1)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

P(x(i,2)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

1

population of origin 
of individual ipopulation allele 

frequencies
pkl ⇠ Dirichlet(�1,�2, . . . ,�Jl)

pkl ⇠ Dirichlet(1, . . . , 1)

P = {pklj}k,l,j, Z = {z(i)}i, X = {(x(i,1)
l , x(i,2)

l )}i,l
i = 1, . . . , N, j = 1, . . . , Jl, k = 1, . . . , K, l = 1, . . . , L

P(z(i) = k) =
1

K
, k = 1, . . . , K

z(i) ⇠ Multinomial

✓
1,

✓
1

K
, . . . ,

1

K

◆◆

P(x(i,1)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

P(x(i,2)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

x(i,1)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

x(i,2)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

(x(i,1)
l , x(i,2)

l )

↵ = �

↵, �

Beta(↵, �)

Dirichlet(�1, . . . ,�Jl)

P(pkl = (1/Jl, . . . , 1/Jl)) = P(pkl = (1, 0 . . . , 0))

1



Given X, how do we get P(P, Z | X)? 

• Gibbs sampling! Markov Chain Monte Carlo (MCMC) method, 

meaning it produces a sequence of samples 

• For sufficiently large t, these samples will be (approximately) 

independent random samples from the posterior.

Application: Inferring population structure from genetic data

Algorithm 1 Gibbs sampler for P(✓|X), ✓ 2 Rd

Initialize ✓(0).
for t = 1, . . . do

✓(t)1 ⇠ P(✓1|X, ✓2 = ✓(t�1)
2 , . . . , ✓d = ✓(t�1)

d )

✓(t)2 ⇠ P(✓2|X, ✓1 = ✓(t)1 , ✓3 = ✓(t�1)
3 , . . . , ✓d = ✓(t�1)

d )

. . .

✓(t)d ⇠ P(✓d|X, ✓1 = ✓(t)1 , ✓2 = ✓(t)2 , . . . , ✓d�1 = ✓(t)d�1)

end for

2

pkl ⇠ Dirichlet(�1,�2, . . . ,�Jl)

pkl ⇠ Dirichlet(1, . . . , 1)

P = {pklj}k,l,j, Z = {z(i)}i, X = {(x(i,1)
l , x(i,2)

l )}i,l
i = 1, . . . , N, j = 1, . . . , Jl, k = 1, . . . , K, l = 1, . . . , L

P(z(i) = k) =
1

K
, k = 1, . . . , K

z(i) ⇠ Multinomial

✓
1,

✓
1

K
, . . . ,

1

K

◆◆

P(x(i,1)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

P(x(i,2)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

x(i,1)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

x(i,2)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

(x(i,1)
l , x(i,2)

l )

↵ = �

↵, �

Beta(↵, �)

Dirichlet(�1, . . . ,�Jl)

P(pkl = (1/Jl, . . . , 1/Jl)) = P(pkl = (1, 0 . . . , 0))

✓(1), . . . , ✓(t)

1



Given X, how do we get P(P, Z| X)?
Application: Inferring population structure from genetic data

Algorithm 1 Gibbs sampler for P(✓|X), ✓ 2 Rd

Initialize ✓(0).
for t = 1, . . . do

✓(t)1 ⇠ P(✓1|X, ✓2 = ✓(t�1)
2 , . . . , ✓d = ✓(t�1)

d )

✓(t)2 ⇠ P(✓2|X, ✓1 = ✓(t)1 , ✓3 = ✓(t�1)
3 , . . . , ✓d = ✓(t�1)

d )

. . .

✓(t)d ⇠ P(✓d|X, ✓1 = ✓(t)1 , ✓2 = ✓(t)2 , . . . , ✓d�1 = ✓(t)d�1)

end for

Algorithm 2 Gibbs sampler for P(P,Z|X)

Initialize P (0), Z(0).
for t = 1, . . . do

p(t)11 ⇠ P(p11|X, p12 = p(t�1)
12 , . . . , z(1) = z(1)(t�1), . . .)

. . .

p(t)KL ⇠ P(pKL|X, p11 = p(t)11 , . . . , z
(1) = z(1)(t�1), . . .)

. . .

z(1)(t) ⇠ P(z(1)|X, p11 = p(t)11 , . . . , z
(n) = z(n)(t�1), . . .)

. . .

z(n)(t) ⇠ P(z(1)|X, p11 = p(t)11 , . . . , z
(n�1) = z(n�1)(t), . . .)

end for

2

independent

independent



Given X, how do we get P(P, Z| X)?
Application: Inferring population structure from genetic data

Algorithm 3 Block Gibbs sampler for P(P,Z|X)

Initialize P (0), Z(0).
for t = 1, . . . do

P (t) ⇠ P(P |X,Z = Z(t�1))

Z(t) ⇠ P(Z|X,P = P (t))

end for

3

pkl ⇠ Dirichlet(�1,�2, . . . ,�Jl)

P(z(i) = k) =
1

K
, k = 1, . . . , K

z(i) ⇠ Multinomial

✓
1,

✓
1

K
, . . . ,

1

K

◆◆

P(x(i,1)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

P(x(i,2)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

x(i,1)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

x(i,2)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

1

pkl ⇠ Dirichlet(�1,�2, . . . ,�Jl)

P(z(i) = k) =
1

K
, k = 1, . . . , K

z(i) ⇠ Multinomial

✓
1,

✓
1

K
, . . . ,

1

K

◆◆

P(x(i,1)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

P(x(i,2)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

1

pkl ⇠ Dirichlet(�1,�2, . . . ,�Jl)

pkl ⇠ Dirichlet(1, . . . , 1)

P = {pklj}k,l,j, Z = {z(i)}i, X = {(x(i,1)
l , x(i,2)

l )}i,l
i = 1, . . . , N, j = 1, . . . , Jl, k = 1, . . . , K, l = 1, . . . , L

P(z(i) = k) =
1

K
, k = 1, . . . , K

z(i) ⇠ Multinomial

✓
1,

✓
1

K
, . . . ,

1

K

◆◆

P(x(i,1)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

P(x(i,2)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

x(i,1)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

x(i,2)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

(x(i,1)
l , x(i,2)

l )

↵ = �

↵, �

Beta(↵, �)

Dirichlet(�1, . . . ,�Jl)

P(pkl = (1/Jl, . . . , 1/Jl)) = P(pkl = (1, 0 . . . , 0))

1

✓(1), . . . , ✓(t)

pkl | X,Z ⇠ Dirichlet(1 + nkl1, . . . , 1 + nklJl)

nklj = |{(i, a) : x(i,a)
l = j, z(i) = k}|

Algorithm 1 Gibbs sampler for P(✓|X), ✓ 2 Rd

Initialize ✓(0).
for t = 1, . . . do

✓(t)1 ⇠ P(✓1|X, ✓2 = ✓(t�1)
2 , . . . , ✓d = ✓(t�1)

d )

✓(t)2 ⇠ P(✓2|X, ✓1 = ✓(t)1 , ✓3 = ✓(t�1)
3 , . . . , ✓d = ✓(t�1)

d )

. . .

✓(t)d ⇠ P(✓d|X, ✓1 = ✓(t)1 , ✓2 = ✓(t)2 , . . . , ✓d�1 = ✓(t)d�1)

end for

2

✓(1), . . . , ✓(t)

pkl | X,Z ⇠ Dirichlet(1 + nkl1, . . . , 1 + nklJl)

nklj = |{(i, a) : x(i,a)
l = j, z(i) = k}|

P(z(i) = k | X,P ) =
P(x(i) | P, z(i) = k)

PK
k0=1 P(x(i) | P, z(i) = k0)

P(x(i) | P, z(i) = k) =
LY

l=1

pklxi,1pklxi,2

Algorithm 1 Gibbs sampler for P(✓|X), ✓ 2 Rd

Initialize ✓(0).
for t = 1, . . . do

✓(t)1 ⇠ P(✓1|X, ✓2 = ✓(t�1)
2 , . . . , ✓d = ✓(t�1)

d )

✓(t)2 ⇠ P(✓2|X, ✓1 = ✓(t)1 , ✓3 = ✓(t�1)
3 , . . . , ✓d = ✓(t�1)

d )

. . .

✓(t)d ⇠ P(✓d|X, ✓1 = ✓(t)1 , ✓2 = ✓(t)2 , . . . , ✓d�1 = ✓(t)d�1)

end for

2

posterior of P: Dirichlet

posterior of Z: multinomial



How should we model the individuals’ populations of origin? 

• Assume individuals’ populations of origin are drawn as

Application: Inferring population structure from genetic data

Does an individual 
really just have one 

population of origin?

pkl ⇠ Dirichlet(�1,�2, . . . ,�Jl)

P(z(i) = k) =
1

K
, k = 1, . . . , K

z(i) ⇠ Multinomial

✓
1,

✓
1

K
, . . . ,

1

K

◆◆

P(x(i,1)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

P(x(i,2)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

1



Application: Inferring population structure from genetic data

✓(1), . . . , ✓(t)

pkl | X,Z ⇠ Dirichlet(1 + nkl1, . . . , 1 + nklJl)

nklj = |{(i, a) : x(i,a)
l = j, z(i) = k}|

P(z(i) = k | X,P ) =
P(x(i) | P, z(i) = k)

PK
k0=1 P(x(i) | P, z(i) = k0)

P(x(i) | P, z(i) = k) =
LY

l=1

pklxi,1pklxi,2

q(i)k

Q = {q(i)k }k,i

(z(i,1)l , z(i,2)l )

Z = {(z(i,1)l , z(i,2)l )}i,l

Algorithm 1 Gibbs sampler for P(✓|X), ✓ 2 Rd

Initialize ✓(0).
for t = 1, . . . do

✓(t)1 ⇠ P(✓1|X, ✓2 = ✓(t�1)
2 , . . . , ✓d = ✓(t�1)

d )

✓(t)2 ⇠ P(✓2|X, ✓1 = ✓(t)1 , ✓3 = ✓(t�1)
3 , . . . , ✓d = ✓(t�1)

d )

. . .

✓(t)d ⇠ P(✓d|X, ✓1 = ✓(t)1 , ✓2 = ✓(t)2 , . . . , ✓d�1 = ✓(t)d�1)

end for

2

✓(1), . . . , ✓(t)

pkl | X,Z ⇠ Dirichlet(1 + nkl1, . . . , 1 + nklJl)

nklj = |{(i, a) : x(i,a)
l = j, z(i) = k}|

P(z(i) = k | X,P ) =
P(x(i) | P, z(i) = k)

PK
k0=1 P(x(i) | P, z(i) = k0)

P(x(i) | P, z(i) = k) =
LY

l=1

pklxi,1pklxi,2

q(i)k

Q = {q(i)k }k,i

(z(i,1)l , z(i,2)l )

Z = {(z(i,1)l , z(i,2)l )}i,l

Algorithm 1 Gibbs sampler for P(✓|X), ✓ 2 Rd

Initialize ✓(0).
for t = 1, . . . do

✓(t)1 ⇠ P(✓1|X, ✓2 = ✓(t�1)
2 , . . . , ✓d = ✓(t�1)

d )

✓(t)2 ⇠ P(✓2|X, ✓1 = ✓(t)1 , ✓3 = ✓(t�1)
3 , . . . , ✓d = ✓(t�1)

d )

. . .

✓(t)d ⇠ P(✓d|X, ✓1 = ✓(t)1 , ✓2 = ✓(t)2 , . . . , ✓d�1 = ✓(t)d�1)

end for

2

✓(1), . . . , ✓(t)

pkl | X,Z ⇠ Dirichlet(1 + nkl1, . . . , 1 + nklJl)

nklj = |{(i, a) : x(i,a)
l = j, z(i) = k}|

P(z(i) = k | X,P ) =
P(x(i) | P, z(i) = k)

PK
k0=1 P(x(i) | P, z(i) = k0)

P(x(i) | P, z(i) = k) =
LY

l=1

pklxi,1pklxi,2

q(i)k

Q = {q(i)k }k,i

(z(i,1)l , z(i,2)l )

Z = {(z(i,1)l , z(i,2)l )}i,l

Algorithm 1 Gibbs sampler for P(✓|X), ✓ 2 Rd

Initialize ✓(0).
for t = 1, . . . do

✓(t)1 ⇠ P(✓1|X, ✓2 = ✓(t�1)
2 , . . . , ✓d = ✓(t�1)

d )

✓(t)2 ⇠ P(✓2|X, ✓1 = ✓(t)1 , ✓3 = ✓(t�1)
3 , . . . , ✓d = ✓(t�1)

d )

. . .

✓(t)d ⇠ P(✓d|X, ✓1 = ✓(t)1 , ✓2 = ✓(t)2 , . . . , ✓d�1 = ✓(t)d�1)

end for

2

✓(1), . . . , ✓(t)

pkl | X,Z ⇠ Dirichlet(1 + nkl1, . . . , 1 + nklJl)

nklj = |{(i, a) : x(i,a)
l = j, z(i) = k}|

P(z(i) = k | X,P ) =
P(x(i) | P, z(i) = k)

PK
k0=1 P(x(i) | P, z(i) = k0)

P(x(i) | P, z(i) = k) =
LY

l=1

pklxi,1pklxi,2

q(i)k

Q = {q(i)k }k,i

(z(i,1)l , z(i,2)l )

Z = {(z(i,1)l , z(i,2)l )}i,l

Algorithm 1 Gibbs sampler for P(✓|X), ✓ 2 Rd

Initialize ✓(0).
for t = 1, . . . do

✓(t)1 ⇠ P(✓1|X, ✓2 = ✓(t�1)
2 , . . . , ✓d = ✓(t�1)

d )

✓(t)2 ⇠ P(✓2|X, ✓1 = ✓(t)1 , ✓3 = ✓(t�1)
3 , . . . , ✓d = ✓(t�1)

d )

. . .

✓(t)d ⇠ P(✓d|X, ✓1 = ✓(t)1 , ✓2 = ✓(t)2 , . . . , ✓d�1 = ✓(t)d�1)

end for

2

pkl ⇠ Dirichlet(�1,�2, . . . ,�Jl)

pklj

P(z(i) = k) =
1

K
, k = 1, . . . , K

z(i) ⇠ Multinomial

✓
1,

✓
1

K
, . . . ,

1

K

◆◆

P(x(i,1)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

P(x(i,2)
l = j | Z, P ) = pz(i)lj, j = 1, . . . , Jl

x(i,1)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

x(i,2)
l ⇠ Multinomial(1, (pz(i)l1, pz(i)l2, . . . , pz(i)lJl))

1

✓(1), . . . , ✓(t)

pkl | X,Z ⇠ Dirichlet(1 + nkl1, . . . , 1 + nklJl)

nklj = |{(i, a) : x(i,a)
l = j, z(i) = k}|

P(z(i) = k | X,P ) =
P(x(i) | P, z(i) = k)

PK
k0=1 P(x(i) | P, z(i) = k0)

P(x(i) | P, z(i) = k) =
LY

l=1

pklxi,1pklxi,2

q(i)k

Q = {q(i)k }k,i

(z(i,1)l , z(i,2)l )

Z = {(z(i,1)l , z(i,2)l )}i,l

q(i)

q(i) ⇠ Dirichlet(↵, . . . ,↵)

2

How should we model the individuals’ populations of origin? 

Admixture is when a genotype has multiple populations of origin. 

      : proportion of individual i’s genotype that originate in  

population k 

      : vector of population frequencies in individual i’s genotype 

Population of origin is now assigned to each allele of each locus of 

each individual, instead of to each individual. 

previous:        population of origin of individual i 

now:                   population of origin of each allele at locus l of 

individual i



Application: Inferring population structure from genetic data

P Z

X
genotypes

population of origin 
of each allele

population allele 
frequencies

Q admixture 
proportions

Introducing admixture…

✓(1), . . . , ✓(t)

pkl | X,Z ⇠ Dirichlet(1 + nkl1, . . . , 1 + nklJl)

nklj = |{(i, a) : x(i,a)
l = j, z(i) = k}|

P(z(i) = k | X,P ) =
P(x(i) | P, z(i) = k)

PK
k0=1 P(x(i) | P, z(i) = k0)

P(x(i) | P, z(i) = k) =
LY

l=1

pklxi,1pklxi,2

q(i)k

Q = {q(i)k }k,i

(z(i,1)l , z(i,2)l )

Z = {(z(i,1)l , z(i,2)l )}i,l

q(i)

q(i) ⇠ Dirichlet(↵, . . . ,↵)

2



Application: Inferring population structure from genetic data
Given X, how do we get P(P, Q, Z | X)?

Algorithm 3 Block Gibbs sampler for P(P,Z|X)

Initialize P (0), Z(0).
for t = 1, . . . do

P (t) ⇠ P(P |X,Z = Z(t�1))

Z(t) ⇠ P(Z|X,P = P (t))

end for

Algorithm 4 Block Gibbs sampler for P(P,Q, Z|X)

Initialize P (0), Z(0).
for t = 1, . . . do

P (t), Q(t) ⇠ P(P,Q | X,Z = Z(t�1))

Z(t) ⇠ P(Z | X,P = P (t), Q = Q(t))

end for

4

STRUCTURE



Application: Inferring population structure from genetic data
What does STRUCTURE output? 

STRUCTURE became the gold standard in genetics and evolutionary 

biology for inferring population structure from genetic data.



Application: Inferring population structure from genetic data
However, the slow Gibbs samplers quickly became a bottleneck for 

massive datasets (100K loci instead of 100s of loci).



Solution: Variational Inference
Basic idea behind variational inference 

• Sampling from the posterior is difficult. Samplers can take a long 

time to mix in practice, and it’s not always clear how to assess when 

they have mixed. 

• Instead, let’s fit a good approximation of the posterior. 
• The posterior can be arbitrarily complicated. Instead, let’s pick 

some class Q of simpler distributions we know how to work with. 

• The goal of variational inference is to find the distribution in Q 
that is “closest” to the posterior, called the variational 

approximation. This is an optimization problem: 

✓(1), . . . , ✓(t)

pkl | X,Z ⇠ Dirichlet(1 + nkl1, . . . , 1 + nklJl)

nklj = |{(i, a) : x(i,a)
l = j, z(i) = k}|

P(z(i) = k | X,P ) =
P(x(i) | P, z(i) = k)

PK
k0=1 P(x(i) | P, z(i) = k0)

P(x(i) | P, z(i) = k) =
LY

l=1

pklxi,1pklxi,2

q(i)k

Q = {q(i)k }k,i

(z(i,1)l , z(i,2)l )

Z = {(z(i,1)l , z(i,2)l )}i,l

q(i)

q(i) ⇠ Dirichlet(↵, . . . ,↵)

q⇤ = argmin
q2Q

DKL(q(Z) || P(Z | X))

2



Solution: Variational Inference
Ingredients to variational inference: 

1. Pick class Q of simpler distributions.  

2. Solve optimization problem to find best approximation q* in Q. 

Revamping STRUCTURE with variational inference = fastSTRUCTURE!

q*(Z)



STRUCTURE (sampling-based) 
vs. fastSTRUCTURE (variational inference)

PCA



Conclusions
Two general approaches for being Bayesian: 

1. Sampling (asymptotically correct, but slow) 

2. Variational inference (wrong, but fast) 

“All models are wrong, 
but some are useful.”


